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Introduction

IN recent years, measurements of the electrical conductivity
of nonideal plasmas have been reported.M0 In spite of the

availability of an approximate kinetic equation for nonideal
plasmas,n which considers spatial and temporal correlations
in the collision operator, satisfactory theoretical explanations
of the experimental conductivity data on nonideal plasmas are
missing to date. The degree of the nonideality of a fully
ionized plasma is measured in terms of the (dimensionless)
interaction parameter 7, which represents the ratio of average
Coulomb interaction (Ze2nl/3) and thermal (KT) energies
(n = electron density, Z = ion charge number, e- elementary
charge),

y = Ze2n1/3/KT

The conductivity theory of ideal, fully ionized plasmas12

agrees with the experimental data only if y<l. For
moderately nonideal, Q.Ky&l, plasmas, the ideal con-
ductivity theory yields much too large conductivity values.
The ideal conductivity theory breaks down at higher electron
densities because the Debye radius D= [Z/4ir(l+Z)]l/2

y-'An-i/3 ioses fts physical meaning as an electric shielding
length and upper impact parameter when the number of
electrons in the Debye sphere is no longer large compared with
one. For typical nonideal conditions, «>1020cm~3 and
r=104 K, the Debye radius is D<10"8cm (i.e., is smaller
than the atomic diameter) which shows that the electric
shielding concept is not applicable to proper nonideal
plasmas, 7^ 1. Another reason for the inapplicability of the
ideal conductivity theory to proper nonideal plasmas is its
assumption of successive, small binary interactions, whereas
in reality a conduction electron experiences many-body in-
teractions for 7 ̂  1.
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We apply dimensional theory to the derivation of new
formulas for the electrical conductivity of (nonrelativistic)
ideal and nonideal, classical and quantum plasmas. In the
most general case of an electron plasma, the electrical con-
ductivity a is a function of the characteristic plasma
parameters of the form (h is Planck's constant and m is the
electron mass)

a=Caepm«Fir(KT)snt

The coefficient Ca is in general a dimensionless function of
the plasma parameters, which is not a simple power law, i.e.,
Ca cannot be determined by dimensional analysis. C0 is a true
constant of order 10° if many particle interactions are
dominant, whereas Ca is a slowly varying function of order
10 ~* if binary interactions are dominant.12 Since the tran-
sition from binary to many particle interactions is continuous
and smooth, it is unlikely that Ca could behave as a strongly
varying function in intermediate situations. Thus, dimen-
sional theory gives the more interesting, strong power law
dependence of the conductivity on the relevant plasma
parameters. As special cases of the general conductivity
formula, the known conductivity formulas for ideal and
metallic plasmas are obtained.

Theoretical Foundations
In a system of reference in which magnetic fields are absent,

a linear electric current response j = aE exists, provided that
the generating electric field E is sufficiently weak. For any
gaseous, liquid, or solid medium, the electrical conductivity
a = \j | / | E\ is given by

a= (ne2/m)T (1)

where T is the (average) momentum relaxation time of the
current carriers. Equation (1) holds for any perturbed
Maxwell or Fermi distribution of the electrons.

Dimensional analysis is based on the axioms of Dupre.13 By
axiom 1, a general relation may exist between two quantities a
and b only when the two quantities have the same dimension.
By axiom 2, the ratio of the magnitude of two like quantities a
and b is independent of the units used in their measurement,
provided that the same units are used for evaluating each.

In general, any measurable quantity a (the secondary
quantity) can be expressed in terms of those appropriate
quantities ait /=1,2...M (the primary quantities), which
affect the magnitude of a. The general relationship between
the magnitude of the secondary quantity a and the magnitudes
of the primary quantities ai is a function of the M arguments
of the form

<j=f(a1,a2,a3,...aM) (2)

Application of the axioms 1 and 2 to Eq. (2) demonstrates
that the functional relation/fa,) is of the form14

(3)

In the general nonrelativistic case of a thermal quantum
plasma, of which the classical thermal plasma is a special
case, the secondary conductivity quantity a depends on the
dimensional primary quantities a y =e (electron charge),
a2-m (electron mass), a3=h (Planck's constant), a4 = n
(electron density), and a5=KT (thermal energy). The
dimensionless factor Ca is in general a function of the
dimensionless parameters/?//?, of the plasma,

(4)

For example, Z, is the ratio of the magnitudes of the ion and
electron charges, W/AW, the electron-to-ion mass ratio, etc.
The electrical conductivity a and its primary quantities have
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the following dimensions 3D («£ = dimension of length,
3 = dimension of time, 9TI = dimension of mass):

SD[AT] =

(5)

It is recognized that the secondary and primary quantities
depend only on three basic dimensions which are independent,
namely, <£, 3, and $Tl. For this reason, dimensional analysis
provides at most three independent equations for the
determination of the powers TV,, /= 1,2,3, ..M in Eq. (3). That
is, at most three powers can be calculated while at least M-3
powers have to be determined by comparison with ex-
periments or by physical arguments.

The fundamental equation (3) is applied below to the
determination of the electrical conductivity of
(nonrelativistic) nonideal, classical, and quantum plasmas in
which the electrons are responsible for the electric current
transport. To illustrate the results, they will be expressed in
terms of the classical (7) and quantum mechanical (T) in-
teraction parameters for Z = 1 and the order of magnitude of
fundamental electron energies:

y=Ec/ET T=EC/EQ

ET=KT

Ec = e2n1/3

E = h2/mn-2/3

(6)

(7)

(8)

(9)

EQ is the order of magnitude of the quantum potential energy
Q= - (h2/2m)V2p'/2 fp1/2 of an electron in the plasma. Ec
and ET are the Coulomb interaction and thermal energies,
respectively.

Classical Plasma
In a classical (/*-*0) electron plasma, in which the thermal

energy KT is negligible compared with the Coulomb in-
teraction energy, the conductivity depends on the dimensional
parameters e, m, and n. By Eq. (3),

where

(3/2)Nj-3N3=0, (l/2)Nj+N2 = 0, -Nj = -

(10)

(11)

by comparison of the powers N{ of <£, 9H, and 3 in Eq. (10).
These are three independent equations, which determine N19
N2, and N3 uniquely,

t=l, N2=-'/2, (12)

By Eqs. (10) and (12), the conductivity of the zero-
temperature, classical plasma is

a=Caen1/2/m< (13)

A similar result was first derived by Buneman15 and later by
Hamberger and Friedman16 for a T=Q plasma with
predominant space change turbulence interaction, by means
of semiquantitative physical arguments, which give
Ca = 7r / /2(>Vw) 1/3 forZ=l .

In a classical (/*—>0), thermal (KT>0) electron plasma, the
conductivity depends on the dimensional parameters e, m, n,
and#r.ByEq.(3)

a=CaeNimN2nN3(KT)N4 (14)

where

-N1-2N4=-1 (15)

by comparison of the powers Nf of <£, 9TI, and 3 in Eq. (14).
These are three independent equations, which determine three
of the four powers in terms of the fourth,

Nj=l-2N, N2=-'A, N3 = M- (16)

Collecting of powers of N in Eq. (14), condenses the con-
ductivity formula to

a=C0 (KT/e2n y>) Nen1/2 /m * (17)

For an ideal, classical plasma, a= (ne2/m) r cannot depend
on a power of n since -r~~n~l for binary e-i collisions. Hence,
a and N are for an ideal T> 0 plasma

a=Ca(KT)3/2/e2m'/2, N=3/2 (18)

in agreement with kinetic theory,12 which shows that Ca =
3/4(27r)//2Z&iA~10-1. For7V=0, Eq. (17) reduces to a of the
classical r=0plasma [Eq. (13)].

For a nonideal (classical) plasma, in which *>-body in-
teractions dominate, we have r^n1~v and o=(ne2/m)
T<xn2-", with v>2, i.e.,N= 3*>-9/2>3/2. Thus, we find for
the conductivity of nonideal, classical plasmas (*>-body in-
teractions)

a=Cay-Nen1/2/m1/2, N>3/2 (19)

where y=Ec/ET is the nonideality parameter defined in Eqs.
(6-8). Equation (19) expresses the interesting result that the
conductivity of a nonideal, classical plasma decreases
proportional to 7"^ with increasing nonideality 7 since
N>3/2. The exact value of N can be determined by com-
parison with experimental data.

Quantum Plasma
In a completely degenerate electron plasma, ET<EQ, the

conductivity depends on the dimensional parameters et m, n,
and h, but not on KT. By Eq. (3),

(20)

Comparison of the powers of «£, 3H, and 3 in Eq. (20) gives
three independent equations for the Ni9 which determine three
of the four powers in terms of the fourth,

Nj=l-2N, N2 = -1/2- (21)

Hence, the conductivity of the completely degenerate (T=0)
electron plasma is

<T=C_' V me2 en"/m" (22)

For N=3/2, Eq. (22) leads to the conductivity of the solid
metal at r=0,

o=Cah3n/e2m2, N=3/2 (23)

where17 CaocZ~7. For 7V=0, Eq. (22) reduces to a of the
classical T=0 plasma [Eq. (13)].

For complete degeneracy, ET is negligible compared with
EQ~mv2

F, where vF~(h/m)nV3 is the Fermi velocity. For
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this reason, Eq. (22) is rewritten in the form

(24)

Since N=3/2 for the T=0 metal, it is to be expected that
N>Q for the completely degenerate electron plasma, i.e., its
conductivity decreases with increasing nonideality T[Eq.
(24)]. This formula is useful for the interpretation of con-
ductivity data of completely degenerate electron plasmas,
with N as the adjustable parameter.

In a partially degenerate electron plasma, ET^EQ, the
conductivity depends on the dimensional parameters ef m, n,
KT, and /*. By Eq. (3),

a=CaeNi mN2nN3 (KT) N4h Ns (25)
Comparison of the powers of <£, 311, and 3 in Eq. (25) gives
three independent equations, which permit to express three of
the five powers in terms of the remaining ones,

NJ=1-2A-2B,

N=2B

Hence, the conductivity of the T> 0 quantum plasma is

(26)

(27)

where A and B are powers which cannot be determined by
dimensional reasoning.

For A = - 1 and 5= - 3/2, Eq. (27) yields the conductivity
of solid metals at temperatures T> 0,

(28)

where17 Ca<xZ~1/3. Equation (28) expresses the 1/riaw17 of
the metallic conductivity at * 'high temperatures.''

Equation (27) contains the dimensionless groups y and F,
which permit rewriting the conductivity formula as

a=C *v~Ar ~Ben1/2 Im l/2 (29}^ O I ' \**-'J

Since A= -1 for 7>0 metals [Eq. (28)] and £ = 3/2 for
T=0 metals [Eq. (23)], one can speculate that A^ -1 and
B>Q for nonideal, partially degenerate plasmas. A and B can
readily be determined by means of conductivity measurements
for nonideal quantum plasmas.

The dimensionless coefficient Ca can be determined ex-
perimentally or by calculation of the momentum exchange of
the electrons from a kinetic equation for nonideal classical
and quantum plasmas, respectively. For ideal and weakly
nonideal plasmas, 0<7^1, the coefficient Ca varies very
little12 with n and T. For proper nonideal plasmas, Ca is a
true constant when many particle interactions are dominant.
For these reasons, the coefficient Ca is of secondary im-
portance concerning the dependence of the conductivity a on
the variables n and T.

Conclusion
We have derived new conductivity formulas for nonideal

classical 7>0 plasmas [Eq. (17) or (19)], completely
degenerate plasmas [Eqs. (22) and (23)], and nonideal 7>0
quantum plasmas [Eqs. (27) and (28)]. These formulas can
be used to interprete conductivity measurements on nonideal
plasmas. Once the still undetermined powers N, Af and B are
known empirically, it should be possible to develop a con-
ductivity theory for nonideal plasmas that provides an ex-
planation of the 7 and F dependence from microscopic
principles.
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Nomenclature
= aerodynamic drag coefficient based on maximum

cross-sectional area
= body diameter, 6.081 cm
= planform fairing radius at cylinder-cone junction

J =freestream Reynolds number based on body
diameter
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